Phenomenological explorations of heterotic strings have conventionally focused primarily on the E 8 ×E 8 theory. We consider smooth compactifications of all three ten-dimensional heterotic theories to exhibit the many similarities between the non-supersymmetric SO(16)×SO(16) theory and the related supersymmetric E 8 ×E 8 and SO(32) theories. In particular, we exploit these similarities to determine the bosonic and fermionic spectra of Calabi-Yau compactifications with line bundles of the nonsupersymmetric string. We use elements of four-dimensional supersymmetric effective field theory to characterize the non-supersymmetric action at leading order and determine the Green-Schwarz induced axion-couplings. Using these methods we construct a non-supersymmetric Standard Model(SM)-like theory. In addition, we show that it is possible to obtain SM-like models from the standard embedding using at least an order four Wilson line. Finally, we make a proposal of the states that live on five branes in the SO(16)×SO(16) theory and find under certain assumptions the surprising result that anomaly factorization only admits at most a single brane solution.
Introduction and summary
One of the most frequently considered extensions of the Standard Model (SM) of Particle Physics is supersymmetry. This hypothetical symmetry assigns to each observed particle a supersymmetric partner which has identical properties except that their spins differ by 1/2, i.e. it relates bosons to fermions and vice versa. One of the main goals of the LHC accelerator at CERN is to observe these superpartners. So far, there have been no hints for the existence of such states.
One may wonder about the consequences for string theory, if supersymmetry will not be found at the LHC or possible future accelerators. In light of the often stated claim that string theory predicts supersymmetry, this seems to be a doomsday scenario for string theory. However, the statement that string theory requires target space supersymmetry is simply false: As had been realized, essentially during the time that string theory was first considered as a unified framework of all particles and interactions, it is possible to construct consistent string theories without space-time supersymmetry. Minimal requirements on a consistent theory are modular invariance and the absence of anomalies and tachyons. A prime example of a non-supersymmetric string theory is the SO(16)×SO(16) string [1] [2] [3] .
In the past decades various authors have considered non-supersymmetric string constructions. Torus compactifications with Wilson lines of the SO(16)×SO(16) theory have been studied in Ref. [4, 5] . In addition, using a covariant lattice approach four-dimensional non-supersymmetric models were constructed by [6, 7] . Compactification on (a)symmetric orbifolds [2, [8] [9] [10] of the non-supersymmetric SO(16)×SO (16) have been inspected in the papers [11] [12] [13] [14] . Non-supersymmetric compactifications of the heterotic string have also been investigated using the free-fermionic string description [15] [16] [17] see e.g. the works [18] [19] [20] [21] [22] . Also in non-heterotic string context tachyon-free non-supersymmetric models have been constructed, for example as type-II orientifolds [23] [24] [25] [26] [27] [28] [29] or rational conformal field theories [30, 31] .
Last year various new investigations of the phenomenological potential of non-supersymmetric compactifications of the heterotic string have appeared. In [32, 33] some of the authors of the current paper considered orbifold and smooth Calabi-Yau compactifications of the non-supersymmetric SO(16)×SO(16) string. It was argued that Calabi-Yau compactification of the SO(16)×SO(16) theory has particular phenomenological potential, since tachyons can be avoided to leading orders in the α and g s expansions. Moreover, it was shown that it is possible to obtain many tachyon-free orbifold models with spectra quite close to the Standard Model (SM).
Also certain half-flat geometries can be considered as non-supersymmetric backgrounds for the heterotic string [34] . In addition, semi-realistic models were constructed in the free-fermionic context in [35, 36] , which implement the idea of having models that interpolate between supersymmetric and non-supersymmetric string constructions [18, [37] [38] [39] . For such models it is possible to compute more detailed phenomenological quantities like threshold corrections [40, 41] .
In this paper we lay out more theoretical methods to perform phenomenological investigations of smooth compactifications of the non-supersymmetric SO(16)×SO (16) string. In order to do so, we often make use of the fact that the non-supersymmetric heterotic SO(16)×SO (16) string is closely related to the supersymmetric heterotic E 8 ×E 8 and SO (32) strings: It is well-known that upon compactification on a circle with appropriate Wilson lines both supersymmetric heterotic strings become T-dual to each other. Moreover, the non-supersymmetric SO(16)×SO(16) theory can be obtained by supersymmetry-breaking twists acting on either the E 8 ×E 8 or the SO(32) theories. These relations between the three heterotic theories in ten dimensions are indicated in Figure 1 . Interestingly, the full low energy spectrum of the SO(16)×SO(16) theory can be obtained by simple orbifold projections and interpreted as the combined untwisted sectors of the E 8 ×E 8 and the SO(32) strings. As can be inferred from Table 1 , the gravitational and gauge sectors can be obtained from either route. On the other hand, the chiral fermions in the spinor representation of the SO(16) factors come from the untwisted sector of the E 8 ×E 8 string, while the chiral fermions in the bi-fundamental of SO(16)×SO (16) are part of its twisted sector w.r.t. the supersymmetry-breaking twist. In contrast, for the SO(32) theory the roles of untwisted and twisted chiral matter are precisely interchanged.
Next we investigate the effective four-dimensional theories that arise when we compactify one of the heterotic strings on Calabi-Yau geometries with (line) bundles. When we start from the nonsupersymmetric SO(16)×SO(16) theory, there seems to be no need to consider string backgrounds that would themselves preserve some amount of supersymmetry. However, there are various reasons why insisting on Calabi-Yau geometries with holomorphic stable vector bundles is convenient:
From a worldsheet point of view, having a complex manifold with a holomorphic vector bundle means that one has an enhanced global U(1) R symmetry so that the worldsheet theory has (2, 0) supersymmetry. This U(1) R symmetry is non-anomalous precisely if the manifold is Calabi-Yau, see [42, 43] . Notice that, to leading order, these arguments do not depend on the global boundary conditions on the worldsheet, i.e. the spin-structures and hence they apply to each of the three heterotic theories.
Also from the target space Effective Field Theory (EFT) perspective, there are good reasons to consider supersymmetry-preserving compactifications of the SO(16)×SO(16) string. As stated above, it was shown in [32, 33] that such compactifications avoid tachyons to leading order in g s and α . Moreover, the bosonic parts of the three heterotic ten-dimensional theories are identical up to their gauge groups. Consequently, the reduction of either of these theories on the same background leads to essentially identical EFTs in four dimensions. This means that the effective potential of SO(16)×SO (16) compactifications, relevant to characterize the physical vacuum, is characterized by the same quantities as compactifications of its supersymmetric cousins, at least to leading order. This shows that stable supersymmetric backgrounds (solutions to F-and D-term conditions at tree-level) also represent solutions to the field equations of the non-supersymmetric SO(16)×SO(16) theory. Also it turns out to be fruitful to employ concepts like the super-and Kähler potential to characterize its four-dimensional EFT.
All this suggests that many methods developed for Calabi-Yau compactifications can be used to obtain results for compactifications of the non-supersymmetric SO(16)×SO(16) theory as well. The supersymmetric heterotic theories [44] [45] [46] , and in particular the E 8 ×E 8 theory with non-Abelian bundles [47] [48] [49] or line bundles on orbifold resolutions [50] [51] [52] and Complete Intersection Calabi-Yau manifolds (CICYs) [53, 54] , have been well-studied since the seminal paper [55] that we derive in Appendix B is how to translate the line bundle parameterization used in [53, 54] to the line bundle vector language of [50] [51] [52] following [56] .) For the non-supersymmetric SO(16)×SO (16) there are in principle three ways to get access to the effective theory in four dimensions as depicted in Figure 2 :
The most direct route is indicated in the middle: One starts with the effective ten-dimensional non-supersymmetric SO(16)×SO(16) theory and compactifies it on a supersymmetry-preserving background. However, given that the supersymmetry-breaking twists do not act on the internal geometry at all, we can alternatively first compactify either of the supersymmetric theories on the same smooth background, and subsequently apply the supersymmetry-breaking twists. In other words Figure 2 displays three alternative routes to obtain the compactifications of the SO(16)×SO (16) theory. This means that the spectrum of gauge fields and charged scalars obtained in Calabi-Yau compactifications of the SO(16)×SO(16) can be verified by compactifying either the E 8 ×E 8 or SO(32) theory on the same background and subsequently applying the supersymmetry-breaking projections. Since the fermions of the SO(16)×SO(16) theory are both twisted and untwisted w.r.t. either supersymmetric string, one needs both the E 8 ×E 8 and SO(32) compactification routes to determine the full charged chiral spectrum in four dimensions. As a consequence, many properties of compactifications of the non-supersymmetric SO(16)×SO(16) theory are closely related to results obtained in the past for compactifications of both supersymmetric heterotic strings.
This applies in particular to the Green-Schwarz anomaly cancellation mechanism. It is well-known that the Green-Schwarz mechanism is very important to obtain consistent string constructions both in ten and four dimensions since it ensures the cancellation of reducible anomalies. Moreover, it determines the couplings between model-dependent and independent axions and the gauge fields. For the Calabi-Yau compactifications of the supersymmetric heterotic theories these couplings were worked out in detail in [44] [45] [46] . In this paper we investigate the Green-Schwarz mechanism for smooth CalabiYau compactifications of the SO(16)×SO (16) model independent checks of anomaly cancellation for the chiral fermionic four-dimensional spectra obtained from these compactifications. In this work we not only want to lay out the general framework of smooth compactifications of the non-supersymmetric SO(16)×SO(16) string, but we also want to show that it has true SM-like model building potential, as has been recently established for orbifold compactifications and freefermionic constructions, as mentioned above. We argue that it is possible to obtain SM-like models from the standard embedding if the Calabi-Yau geometry admits at least an order four Wilson line. In addition, we present a particular SM-like model obtained on the smooth CICY with number 7862 (sometimes referred to as the tetra quadric) in the database [57] [58] [59] with line bundles. We construct a six generation non-supersymmetric SU(5) GUT, which upon using a freely acting Wilson line becomes a three generation SM-like model. In a follow-up work we will present some extensive model scans on various smooth geometries and the search for SM-like models. However, from our current analysis we can make one interesting observation concerning the Higgs sector of such compactifications: As we will explain in this paper, we can either have a single Higgs doublet together with a color triplet partner or we have at least one pair of vector-like Higgs-doublets.
Phenomenological model building on smooth compactifications of the E 8 ×E 8 supergravity often makes use of the possibility of having five-branes. NS5-branes give an additional degree of freedom in model constructions since one does not have to satisfy the Bianchi identities strictly but only modulo effective curve classes. Effectiveness of these curves is crucial in order to guarantee that the same type of supersymmetry is preserved by the perturbative compactification and the non-perturbative NS5-brane sector. Contrary to the E 8 ×E 8 theory, NS5-branes in the SO(32) context modify the spectrum charged under the perturbative gauge group. As far as we are aware five-branes in the non-supersymmetric SO(16)×SO(16) context have not been studied systematically in the literature. To gain some intuition for the possible properties of NS5-branes we take inspiration from the diagram in Figure 2 .
Since the fermions are the prime contributors to the anomalies, and since it is known which kind of NS5-branes the two supersymmetric heterotic theories require, we make an educated guess for the spectra on five-branes in the SO(16)×SO(16) theory: We take the spectra on the NS5-branes of the E 8 ×E 8 or SO(32) theories and extend the supersymmetry-breaking twist to them. We find that this choice is essentially unique if we require that all irreducible gauge and gravitational anomalies cancel. If we want in addition to cancel all reducible anomalies via a generalized Green-Schwarz mechanism, e.g. involving scalars and tensors on the five-branes, we find (within the ansatz that we made for these couplings) that we can only achieve this with no NS5-branes or with a configuration with one E 8 ×E 8 -like and one SO(32)-like NS5-brane. frame their bosonic action is given by
where κ 2 10 = 1 2 (2π) 7 (α ) 4 , Φ is the dilaton and G M N the ten-dimensional metric. Its curvature scalar R(ω + ) involves the spin-connection with torsion ω + = ω + 1 2 H. F 2 denotes the non-Abelian gauge field strength. The field strength of the Kalb-Ramond field reads
Here tr denotes the trace in the fundamental 1 (1, 128) − tr (16, 16) 
keeping track of the relative chiralities of the fermions. The latter equation follows for SO (16) 
Anomaly cancellation requires the so-called Green-Schwarz mechanism [60, 61] which involves the term
in the normalization established in [46] . The polynomial X 8 is given by (see e.g. [62] ) 
between the three eight-forms X 8 for the three heterotic theories. This result arises by making use of the identity (4) and that the quadratic trace (3) vanishes.
Heterotic lattices
The three string theories contain both massless states and states at arbitrary high mass levels, which can be efficiently encoded in lattices. In Table 2 we give the full lattices on which the three heterotic theories are constructed. In particular, this displays the root lattice of the gauge group to which their sixteen-component roots α = (α I ) = (α 1 , . . . , α 16 ) belong. The lattices of the E 8 ×E 8 and SO (32) theories show that these theories are supersymmetric at every mass level separately, while the SO(16)×SO (16) is not supersymmetric at any mass level.
In ten dimensions the overall notion of positive chirality is of course just a convention. We have chosen the spinorial lattices of E 8 ×E 8 and SO (32) such that their chiralities are compatible with the non-supersymmetric twists to the SO(16)×SO(16) theory as we discuss above. In particular, we take the gauginos Ψ + = Ψ (α 0 /2,...,α 3 /2) in the E 8 ×E 8 theory to have positive chirality, i.e. the product of the signs α 0 · . . . · α 3 = +1, while the gauginos of the SO(32) theory are taken to be co-spinors Ψ − = Ψ (α 0 /2,...,α 3 /2) with α 0 · . . . · α 3 = −1.
Non-supersymmetric twists
The three heterotic theories are closely related on the level of their respective worldsheet theories. For example, the partition function of the E 8 ×E 8 and SO (16) 
II. A Z 2 orbifolding of the SO(32) string with twist v 0 = (0, 1 3 ) and gauge shift V 0 = (1, 0 7 )( - 
The gauge fields A A M of the SO (16) (16) heterotic string theories. V, R, S and C refer to the vector, root, spinor and co-spinor lattices, respectively. Their subscripts indicate the dimension of these lattices. Consequently, the first lattices in the tensor products classify the states as spacetime bosons (V, R) and fermions (S, C), respectively, while the remainders correspond to the various gauge representation lattices. We have chosen the chiralities of the spinorial lattices of E 8 ×E 8 and SO (32) such that they are compatible with those of the SO (16)×SO (16) theory.
states Ψ X + , labeled by X, are untwisted while (16, 16) co-spinor Ψ Y − , labeled by Y , are twisted. For the non-supersymmetric orbifold of the SO(32) this assignment is precisely the other way around. All these relations between the three ten-dimensional heterotic string theories are schematically indicated in Figure 1 .
The actions of the non-supersymmetric twists can be elegantly represented on the ten-dimensional vector multiplets using N=1 four-dimensional superspace language [63, 64] . One decomposes the gauge fields as A M = (A µ , A a , A a ) with four-dimensional and complexified six-dimensional indices µ = 0, . . . 4, a, a = 1, 2, 3 (suppressing the gauge index for now). Their components are contained in vector superfields V and chiral superfields Z a such that
where | denotes setting all Grassmann variables θ to zero. The ten-dimensional gaugino components Ψ ± are then represented as
:
for E 8 ×E 8 and SO (32), respectively. Here
is the superfield strength of the four-dimensional superspace and the underline denotes permutation of the entries. The actions (8a) and (8b) of the non-supersymmetric twists of the E 8 ×E 8 and SO(32) theories on these superfields are given by I. The Z 2 twist of the E 8 ×E 8 gauge multiplets:
II. The Z 2 twist of the SO(32) gauge multiplets:
The simultaneous reflection of all Grassmann variables ensures that the SO (16)×SO (16) gaugino components are all projected out by this non-supersymmetric twist. Consequently, if we want to use four-dimensional N=1 superfields to represent the non-supersymmetric SO (16)×SO (16) theory, we have the following lowest non-vanishing components,
of the superfields, V A , Z A a , Z X a , and Z Y a defined above. In addition, the SO(16)×SO(16) adjoint vector and chiral multiplets, V A and Z A a , may contain non-vanishing auxiliary fields, D A and F A a , respectively. Just as in the supersymmetric theories, using their algebraic equations of motion these auxiliary components can be expressed in terms of the dynamical fields in the theory. In other words in the non-supersymmetric theory the superfields define very convenient short-hand notations.
Smooth backgrounds
When one starts from a non-supersymmetric theory, there seems to be no reason to consider backgrounds that would preserve supersymmetry by themselves. However, as was pointed out in [32] it may be very convenient to consider such backgrounds as there are more computational tools available.
We focus primarily on line bundle backgrounds, which only satisfy the Bianchi identities in cohomology. This means that one is not really working on a smooth Calabi-Yau manifold, but rather on a more complicated torsion manifold. The corrections to the BPS equations, the so-called Strominger system [56, [65] [66] [67] , give the next-to-leading corrections in the α -expansion. Given that we only work to leading order in α , we will ignore complications due to torsion in the following.
Calabi-Yau manifolds
A very crude characterization of a Calabi-Yau manifold is given by its Hodge numbers h 11 and h 21 which count the number of independent closed (1,1)-and (2,1)-forms or their corresponding hypersurfaces.
Topological data
In more detail, any Calabi-Yau manifold X contains a set of complex codimension one hypersurfaces called divisors. A large class of so-called toric Calabi-Yau spaces are constructed as hyper-surfaces in some toric ambient space. Toric divisors of this ambient space are defined by simply setting one of the homogeneous coordinates to zero, i.e. D a := {z a = 0}. In general these divisors are dependent, which means that there are various linear equivalence relations among them. We denote a basis of h 11 independent elements constructed out of the divisors D a by {D i }, and a basis of h 11 curves by {C i }. In this work we mostly focus on so-called "favorable" Calabi-Yau spaces for which this basis of divisors descends from the hyperplane classes of the projective ambient space.
In terms of the aforementioned basis of divisors we have the triple intersection numbers and the second Chern classes evaluated on the D i ,
Here the curvature two-form R is SU(3)-valued, so that the trace is evaluated in the fundamental of this holonomy group. In the first expression the closed but not exact (1,1)-forms associated to the divisors D i are denoted by D i ; similarly we denote by C i the (2,2)-forms associated to the curves C i . In fact, we may take them to be harmonic. Moreover, it is in principle always possible to construct an integral basis of curves and divisors, {C i } and {D i }, such that
Finally, we denote the independent (2,1) two-forms by ω p with p = 1, . . . , h 21 .
Classical volumes
The Kähler form J can be expanded in the D i basis as
in terms of the h 11 Kähler moduli a i . The fundamental form J is used to determine the volumes of any curve C, divisor D and the manifold X itself:
In the integral basis (14) we know that all the moduli satisfy a i > 0 in the Kähler cone to guarantee that all curves C i are effective, i.e. have positive volume. In fact, we work in the large volume approximation where volumes are much larger than the string scale such that we can reliably neglect higher order α -corrections. The volumes of curves, divisors and X read
Consequently, one has Vol(X) =
Complete intersection Calabi-Yau manifolds
Manifolds known as Complete Intersection Calabi-Yau (CICY) manifolds are described in terms of intersecting hypersurfaces in projective ambient spaces. All smooth CICYs have been classified in [57] and are available online [58] . Their discrete symmetries have been classified in [59] . Here we focus on the subclass of favorable CICYs, which means that all CICY divisors can be pulled back from the hyperplane divisors of the projective ambient spaces ⊗ a P ka . Consequently, a runs from 1 to h 11 . CICYs can be described most easily in terms of their configuration matrix Γ = (Γ aA ). Each row, labeled by a, corresponds to one ambient space P ka factor and each column, labeled by A, corresponds to one polynomial that defines a hypersurface in the ambient space. Thus, an entry Γ aA specifies the scaling of the A th polynomial under the projective scale factor of the a th projective ambient space factor. Since each polynomial imposes one constraint, we find that A runs from 1 to a k a − 3 for a CY 3-fold. The first Chern class of a CICY vanishes if
In this way, the ambient space follows uniquely from the configuration matrix. For the calculation of the intersection numbers κ ijk and the total Chern class of CICY manifolds we used the methods introduced in [68] :
where A, B = 1, . . . , a k a − 3 and a, b, . . . = 1, . . . , h 11 .
Free quotients
Next, we consider a discrete, freely acting symmetry group Γ of finite order |Γ| that acts on the coordinates of X as z → gz. In this work we will assume that Γ consists of a single Z N factor only. Since Γ is assumed to act freely, the quotient
is again a smooth, but not simply-connected, Calabi-Yau manifold. The action of the discrete group Γ can be described in terms of the action on the ambient space coordinates. In order to be able to mod out such an action, one has of course to ensure that the Calabi-Yau geometry admits such a symmetry. For example, this poses constraints on the ambient space and the polynomials whose intersections define the CICY. This typically means that some complex structure deformations, counted by h 21 , are frozen. There are essential three ways in which Γ can act [59]:
1. homogeneous coordinates obtain phases, 2. homogeneous coordinates within each P N factor are permuted, 3. or complete P N factors are permuted among each other.
In the first case the ambient space divisors D a = {z a = 0} are invariant. The second type of action permutes them among each other, but the corresponding divisor class remains invariant. Hence, if one had chosen it as one of the divisor basis elements D i , then it remains inert. In contrast, in the third case one has to form invariant linear combinations of divisors {D i } of X. This means that in the third case h 11 is reduced as well.
Line bundles on Calabi-Yaus
For the gauge background F we make the simple ansatz that the vector bundle V is given by a sum of line bundles (see e.g. [50, 51] )
which are embedded in the Cartan subalgebra of the ten-dimensional gauge group G. This gauge background is characterized by a set of bundle vectors V i = (V I i ), one for each divisor (1,1)-form D i . The Cartan generators, H I , I = 1, . . . , 16, are assumed to be normalized such that 2
Consequently, tr(
where · is the standard (euclidean) inner product of two vectors with sixteen components. The unbroken subgroup H of the ten-dimensional gauge group G is generated by this Cartan subalgebra augmented with the creation and annihilation operators associated with the roots α that are perpendicular to all line bundle vectors, V i · α = 0, for all i = 1, . . . , h 11 . For the E 8 ×E 8 and SO (16)×SO (16) theories we decompose these bundle vectors w.r.t. observable and hidden gauge group factors as V i = (V i , V i ) and similarly for other quantities where applicable. Any line bundle background is subject to a number of consistency conditions, which we list in the following:
Flux quantization
The bundle vectors are subject to flux quantization conditions, which ensure that
evaluated on any state |p in the full string spectrum, is integral for all curves C. If {D k } is an integral basis of divisors satisfying (14) , this amounts to requiring that all line bundle vectors lie on the lattices
in the cases of the E 8 ×E 8 or SO(32) heterotic string, respectively. The flux quantization in the non-supersymmetric SO(16)×SO(16) theory requires the bundle vectors to lie on the lattice
which is contained in both E 8 ×E 8 and SO(32) lattices. Consequently, any allowed set of bundle vectors of the SO(16)×SO(16) theory also represents an admissible set for either of the supersymmetric heterotic theories.
Bianchi identities
The Bianchi identities for the B-field constitute further consistency conditions on the line bundle gauge background:
in cohomology, i.e. when integrated over any divisor D of X. In the integral basis (14) we can interpret N i as the five-brane charge associated to the five-brane wrapping the curve C i :
for the E 8 ×E 8 or SO (16)×SO (16) theories and
for the SO(32) theory, respectively. When all N i ≥ 0 the configuration of five-branes preserves the same four-dimensional supersymmetry as the perturbative sector of the E 8 ×E 8 or SO(32) theory.
For the E 8 ×E 8 theory, the non-perturbative NS5-brane spectrum involves only a number of tensor multiplets, and hence does not modify the spectrum charged under the perturbative unbroken gauge group H. In contrast, for the SO(32) theory there are additional matter multiplets in bi-fundamental representations of the unbroken subgroup H and the non-perturbative groups Sp(2 N ). To the best of our knowledge, it is unknown which additional non-perturbative charged states need to be added to the SO(16)×SO (16) theory; we will present a suggestion for this in Section 8.
Donaldson-Uhlenbeck-Yau equations
An additional requirement on the line bundle is that the DUY equations,
can be satisfied. At first this seems to impose a condition on the moduli only, encoded in the volumes of the divisors D i , but in fact it leads to stringent restrictions on the possible line bundle vectors. This comes about because one has to ensure that the zero-vector can be obtained from a linear combination of the V I i with positive coefficients only. We have not included the one-loop Blumenhagen-Honecker-Weigand correction [44] for the following reasons: First of all it is often possible to absorb this one loop correction by appropriately shifting the volumes of the divisors. Only when one has an embedding in both E 8 gauge group factors, it is not generically possible to do so. Second, the form of this correction is not known for the compactification of the non-supersymmetric SO(16)×SO(16) theory. More importantly, we expect other effects to be generated at one loop order (e.g. appearance of tachyons) in the non-supersymmetric theory. Hence, for that reason also, our analysis will focus on the weak coupling limit of the theory, where such corrections can be neglected. Note that the DUY equations are homogeneous at tree level, such that at this order one can always go to a large volume point in moduli space.
Equivariant line bundles
By accompanying the action of the freely acting symmetry Γ, which was used to obtain the nonsimply-connected Calabi-Yau X = X/Γ from the Calabi-Yau X, with an action on the gauge degrees of freedom,
we can induce a further gauge symmetry breaking: H → H. In practice, such a freely acting Wilson line W g induces a non-local gauge symmetry breaking, typically chosen such that a GUT subgroup of H in the upstairs description is broken down to the SM group in the downstairs picture. However, before we divide out a freely acting symmetry in a heterotic theory, we need to make sure that the bundle is equivariant under (i.e. compatible with) the action:
for all g ∈ Γ. We assume that the generator of the freely acting symmetry can be diagonalized simultaneously with the line bundle flux, therefore it may be written as W g = exp (2πi W I H I ).
In the part on free quotients in Subsection 3.1 we considered three possible Γ actions on the geometry. As each of the basis divisors D k is invariant under the first two actions listed there, the line bundles constructed in the upstairs picture are automatically invariant. For the third type of freely acting symmetry, which permutes various P N factors, a simple way to ensure equivariance is to require that the corresponding gauge vectors are identical. As this reduces the number of independent line bundle vectors, this tightens the constraints on having large volume solutions to the DUY equations and satisfying the Bianchi identities without NS5-branes.
Spectra of smooth Calabi-Yau compactifications
In this section we discuss methods to compute the massless spectrum of smooth compactifications of the two supersymmetric heterotic string theories and the non-supersymmetric SO(16)×SO(16) theory.
Massless charged chiral 4D spectrum
For many applications it is sufficient to compute only the charged chiral spectrum. To this end it is convenient to use the multiplicity operator N (X), see e.g. [50, 52, 69, 70] , that counts the number of chiral states. It was obtained in [50] by integrating the ten-dimensional anomaly polynomial I 12|R over the internal Calabi-Yau manifold:
Here R is the representation which the ten-dimensional states are transforming in, R 2 is the fourdimensional curvature two-form and F 2 is the gauge field strength of the unbroken gauge group H in four dimensions. Consequently, the multiplicity operator,
can be evaluated on each of the weights p of the appropriate representations given in Table 1 using
The multiplicity operator was obtained in the context of the supersymmetric heterotic E 8 ×E 8 string (and of course applies to the SO(32) case in a straightforward way). In Ref. [32] it was argued that this formula can also be employed for the non-supersymmetric SO(16)×SO(16) theory: To determine both the chiral fermionic and bosonic spectra one has to suitably choose the representations R and keep track of the ten-dimensional chirality. To compute the number of complex scalars we take for R the adjoint representation of SO (16)×SO (16), while for chiral fermions in four dimensions we take states in the spinor representation of either of the two SO (16)s, or states in the bi-fundamental (16, 16) . Because of the opposite ten-dimensional chirality, the latter states transform in charge conjugate representations as compared to the states resulting from the spinor representations.
The multiplicity operator can also be evaluated on the free quotient X = X/Γ: The downstairs multiplicity of any chiral state in the upstairs spectrum is simply given by
This can be seen as follows: By writing X = g X g , where X g denotes the image of X ⊃ X under g ∈ Γ, we can decompose the integral in (31) in |Γ| pieces. Using the fact that Γ act freely on the geometry and equivariantly on the bundle, we see that this gives |Γ| equal contributions.
Dirac and Hirzebruch-Riemann-Roch indices
To give additional motivation for using this formula to compute the spectra for both fermions and bosons, we resort to the following index theorems:
• The net spectrum of chiral fermions is determined by the Dirac index [71] ind
where ch is the Chern character of the bundle and A the roof-genus.
• Similarly, the net spectrum of complex bosons is characterized by the Hirzebruch-Riemann-Roch index theorem [54, 71, 72] ind
which involves the Todd class Td instead of the A class.
Using the splitting principle, a vector bundle V can be represented as V = ⊕ j L j where L j are line bundles. Since these are one-dimensional, they are characterized completely in terms of their first Chern class. Letting x j = c 1 (L j ), we can express the Chern class, the Chern character, the Todd class, and the A class as the products
respectively. Expanding the Todd and A classes to third order in terms of the Chern classes,
with c 1 (X) = j x j , c 2 (X) = i>j x i x j , shows that the indices (34) and (35) agree when the compactification manifold has vanishing first Chern class c 1 (X) = 0. Furthermore, these indices reproduce the multiplicities determined by the multiplicity operator (32) evaluated on the appropriate weights.
Beyond the chiral spectrum
While the multiplicity operator (32) gives us the net chiral multiplicity of the charged states, determining the number of truly vector-like pairs is more difficult. In general one would have to compute individual dimensions of cohomology groups of appropriate wedge products of the line bundles, rather than just their alternating sum which appears in the indices. Determining the full spectrum provides a strong cross-check on the chiral spectrum determined by the multiplicity operator. Moreover, knowing the full spectrum is important in order to be able to check whether there are exotics in the spectrum that are vector-like with respect to all line bundle charges. For example, if we want to investigate whether we have the exact fermionic spectrum of the MSSM without exotics, we need to show that we have exactly 3 |Γ| 10-plets and no 10-plets on the SU(5) GUT level, where |Γ| is the order of the discrete Wilson line.
In order to compute the full spectrum via cohomology group dimensions we make use of the Mathematica package cohomcalg [73, 74] . The idea behind this code is the following: The spectrum of a line bundle background on a CICY can be determined by computing the ambient space vector bundle cohomology and subsequently restricting it to the Calabi-Yau via the so-called Koszul sequence. This is an exact sequence for a hypersurface in codimension r twisted by the bundle V
where N * is the dual normal bundle of the CICY, i.e. of the intersection locus of the hypersurface equations. We are interested in the last part V| X . By introducing auxiliary sheaves we can break this exact sequence into several short exact sequences. These give rise to long exact sequences in cohomology. We can compute the dimension of these cohomologies in the ambient space. Due to the exactness of (38) , this allows us to determine the cohomology of the V| X part we are interested in but which we cannot compute directly. Exactness implies that the alternating sum of the dimension of the cohomology groups add up to zero. Thus in cases where "enough" ambient space cohomology groups are trivial, i.e. when no more than three consecutive positions in the Koszul are non-zero, the dimensions of the cohomology groups follow uniquely. In cases where more consecutive positions are non-vanishing, all we know is that their alternating sum equals zero. Due to this, the cohomcalgpackage does not determine the dimensions of the cohomology groups uniquely in such cases. In order to resolve the ambiguity one has to construct explicitly the maps between the cohomology groups and work out their kernels and images.
Higgs doublet pairs in supersymmetric 4D effective theories
The determination of the full spectrum is in particular relevant to determine the Higgs sector. Let us first consider Calabi-Yau compactifications of one of the supersymmetric heterotic strings. In addition to having at least the 3 |Γ| 5-plets, which contain the left-handed SM quarks and leptons, we need at least one pair of 5 − 5-plets which contain a SM Higgs candidate. (As is well-known in the MSSM one needs a pair of Higgs doublets in order to cancel anomalies induced by the Higgsinos.) Note that such Higgs candidate pairs of 5 − 5-plets need to behave very differently under the freely acting symmetry Γ than the 5 that contain the left-handed quarks and leptons: From the latter we want to retain the full 5-plets since their triplets correspond to the down-type quarks; merely their multiplicity should be reduce by |Γ|. In contrast, 5 − 5-plet pairs have to become split multiplets, such that the Higgs doublets survive while the triplets are projected out by the Wilson line. This means that for the remaining vector-like Higgs pair the overall multiplicity stays zero.
Higgs doublet(s) in non-supersymmetric 4D effective theories
In non-supersymmetric four-dimensional theories it is no problem to have just a single Higgs, since it is a scalar and thus does not produce any anomalies. However, from our previous discussion we infer that it is impossible to obtain just a single Higgs doublet: As all chiral representations have a multiplicity which is divisible by |Γ|, we need to start with the lowest possible number, i.e. |Γ|, of additional 5-plets that can host the SM Higgs, in order to keep exactly one Higgs doublet in the downstairs spectrum. However, after dividing out the freely acting Wilson line we will then obtain one doublet and one triplet as the surviving 5-plet is merely branched. Alternatively, as in the supersymmetric case, we could start with a vector-like pair (such that the combined multiplicity is zero) and then divide by the freely acting symmetry such that the triplets are projected out. But then we have a pair of Higgs doublets rather than a single one. Consequently, we either have only one Higgs together with its color triplet partner or we have at least one pair of vector-like Higgs doublets. Note that the situation is different for orbifold compactifications of the SO(16)×SO(16) theory: Indeed, in [32] various orbifold models with a single Higgs doublet were obtained. This statement is not in conflict with our previous observations on smooth manifolds: The orbifold gauge shift and discrete Wilson lines in these orbifold models were constructed such that they break the gauge group directly to the SM group. In other words no freely acting symmetry was needed to break an intermediate GUT group down to the SM, but it is precisely such a freely acting symmetry that lead us to the conclusion above. When working on CY manifolds, a direct breaking of SU (5) is in general not feasible since the GUT group rank is reduced via the breaking.
Effective theories in four dimensions
For the compactifications of the supersymmetric E 8 ×E 8 and SO(32) theories we can use the familiar N=1 superspace formalism involving the Kähler potential, superpotential and the gauge kinetic functions, to fully characterize the resulting effective theories in four dimensions. Moreover, as long as we neglect α and g s corrections we may even use this language to efficiently describe the effective theory of Calabi-Yau compactifications of the non-supersymmetric SO(16)×SO(16) string as well. However, in this case we use these functions as convenient short hands to describe specific bosonic and fermionic terms of the action. When we go beyond the leading order, this formalism breaks down since loops involving bosons and fermions are not identical anymore. However, as long as we consider Green-Schwarz interactions, that are directly related to anomaly cancellation, we can still trustworthily compute the corresponding axion couplings as in supersymmetric theories.
Effective four-dimensional N=1 actions for E 8 ×E 8 and SO(32) compactifications
Below we give the Kähler potential K, superpotential W B and gauge kinetic function f which characterize the compactification of the supersymmetric heterotic string theories. These functions can be (partially) inferred from dimensional reductions of various terms in the ten-dimensional action (1). We expand the Kalb-Ramond two-form and the gauge fields as
where 2 s = (2π) 2 α denotes the string length. The four-dimensional dilaton is denoted by ϕ and the constant background value of the ten-dimensional dilaton by ϕ 0 . In addition, A 1 defines the gauge background with field strength F 2 , and a 1 the four-dimensional gauge field one-forms with field strengths F 2 . The Kalb-Ramond two-form can be expanded in terms of harmonic (1, 1)-forms dual to the divisors D i . The fields β i , appearing in this expansion, are called model-dependent axions; the model-independent axion β 0 is dual to the four-dimensional two-form b 2 :
using the four-dimensional Einstein metric g µν , obtained from a four-dimensional Weyl rescaling, to define the Hodge dual * 4 . The four-dimensional Planck scale can be read off from the factor in front of the Einstein-Hilbert term to be
The constants γ 0 , ϕ 0 are fixed such that the kinetic terms of gauge fields and their couplings to the model-independent axion β 0 , obtained from the Green-Schwarz term (5) involving b 2 , can be written as
provided that the defining components of the chiral and vector superfields contain
This is compatible with the kinetic terms of the dilaton ϕ and the axion β 0 that arise from the Kähler potential given by
The introduction of the vector multiplets V I in the first term is fixed by determining the gauge connection for the model-independent axion that arise from the Green-Schwarz term (5) after using the dualization (40) . The charges, Q I , in
depend strongly on the theory under consideration and are evaluated below. In addition, we have introduced the notation,
such that J | = J/(2π 2 s ) gives the Kähler form J. The (2,1)-forms were defined below (14) . Here we have defined the chiral superfields
that involve the Kähler and complex structure moduli, respectively. The second term in (44) is determined by the kinetic terms of the model-dependent axions β i using [75] 
where Vol(X) is given in (16) . The dependence on the four-dimensional dilaton ϕ dropped out via the Weyl rescaling (40) . The coupling to the vector multiplets V I is determined by collecting the terms proportional to D i in the expansion of H 3 using the line bundle gauge flux (21) and (39) . Using
we find
for the charge of β i /2π, i.e. for the imaginary part of T i . The final term in (44) involves the massless chiral superfields, Z m | = z m , with charge matrix q. Even in Calabi-Yau compactifications of supersymmetric string theories the detailed Kähler potential, encoded in K mm in (44) , is difficult to determine unless one is on special backgrounds such as orbifolds or uses the standard embedding. By reducing the kinetic terms of the ten-dimensional gauge fields and the cross-terms in the kinetic terms of the Kalb-Ramond field, one can extract the moduli-dependent part of the gauge kinetic function
The gauge kinetic function coefficients ∆f i are determined by a reduction of the Green-Schwarz term (5),
These charges and coefficients determine the factorization of the anomaly polynomial in four dimensions,
. (53) Here I 6 is the four-dimensional anomaly polynomial computed directly using the multiplicity operator. Given the prefactor 1/4 in (52), we have a normalization factor 4 in the anomaly factorization formula.
The explicit expressions for the charges, Q I i , Q I , and the coefficients, δ GS , ∆f i , are theorydependent:
Supersymmetric E 8 ×E 8 theory:
∆f
(54e)
Supersymmetric SO(32) theory:
Elements of the effective SO(16)×SO(16) theory in four dimensions
At leading order in g s and α we may still employ the N=1 superspace formalism to characterized the bosonic and fermionic fields obtained from a Calabi-Yau compactification of the non-supersymmetric SO(16)×SO(16) theory. The superfields now only include the bosonic or fermionic components present in the non-supersymmetric theories. Therefore, we briefly indicate the non-vanishing dynamical components of the relevant superfields. This approach is similar to the spurion superfield formalism to encode soft supersymmetry breaking.
Tree level superfield action for bosonic fields
In detail we define the following superfields to describe bosonic moduli and matter scalar fields:
as in e.g. (43) and (47) with auxiliary field components but without fermionic components. Similarly the vector multiplet V does not have any fermionic component:
as in (43) . The tree-level action for the scalar moduli and matter fields is obtained from the bosonic Kähler potential
with
The tree-level gauge kinetic action is given by the familiar expression
Tree level superfield action for the fermionic fields
In addition, the compactification leads to a set of chiral fermions ψ f . We also collect them in chiral superfields Z f , such that their only non-vanishing component is given by
The tree-level kinetic terms of the chiral fermions ψ f can be encoded in the fermionic Kähler potential
As for the bosonic matter fields the form of this Kähler potential is difficult to obtain for general compactifications.
One-loop induced anomalous axion-gauge couplings
We expect that at the one-loop level one encounters corrections that do not respect the relations that rely on supersymmetry. However, the axion couplings that result directly from the Green-Schwarz mechanism in ten dimensions by reduction can still be computed without further difficulties. These couplings are very important as they provide us with detailed anomaly cancellation checks on the fermionic spectra, as in the case of compactifications of the supersymmetric theories.
The coupling of the axions β 0 and β i to the four-dimensional gauge fields is determined by the reduction of the various terms in the ten-dimensional Green-Schwarz action. The anomalous gauge transformations of the axions yield
where α I are the Abelian gauge parameters, such that δA I µ = −(2π) ∂ µ α I . The charges Q I are defined as in (45) and (50). By evaluating the integrals in the SO(16)×SO(16) case we find
The anomalous gauge transformations of the axions lead to a mixing of the axions with the longitudinal parts of the gauge fields and thereby result in massive U(1)s. The anomalous couplings of the axions take the form
The coefficients ∆f i are determined from the reduction of the Green-Schwarz term (5),
and are given by (5) GUT theory on the geometry CICY 7862. The final rows in the observable and hidden sectors displays vector-like states which are not detected by the multiplicity operator. In fact the charged chiral and full spectrum are identical up to the five 3-3 pairs in the final row.
Example of a smooth SM-like model
In this section we discuss an example to illustrate that it is possible to construct semi-realistic models by compactifying the non-supersymmetric SO(16)×SO(16) theory on smooth Calabi-Yau manifolds.
Concretely we consider a line bundle model on the tetra-quadric, i.e. on the CICY 7862 geometry. The relevant topological data for this manifold, i.e. the intersection numbers and second Chern classes, are given by
for mutually distinct i, j, k between 1 and 4. On this geometry we can construct a six generation non-supersymmetric SU(5) GUT theory by considering the following line bundle background:
The resulting observable and hidden gauge groups are G obs = SU(5) and G hid = SU(3)×SU (2)×SU (2), respectively. This model satisfies the tree-level DUY equations deep inside the Kähler cone: Indeed, if we take the volumes of the four divisors to be related as,
the tree-level DUY equations are satisfied.
The full spectrum of a non-supersymmetric six-generation SU(5) GUT model with this line bundle background on the geometry at hand is given in Table 3 . It contains the chiral spectrum computed using the multiplicity operator evaluated on the various ten-dimensional states. This model contains vector-like fermionic and bosonic exotics at the chiral level. The last rows in the observable and hidden sectors display the additional non-chiral states that can only be determined by cohomology methods reviewed in Subsection 4.3. We see that the number of states that the multiplicity operator misses is very small in this concrete example. 
breaks the observable gauge group to G obs = SU(2)×SU(3)×U(1) Y . Table 4 gives the full spectrum in the downstairs description. Again, the final rows in the observable and hidden sectors give the non-chiral states which the multiplicity operator does not see. We recognize that this model is only SM-like and not a true SM candidate: Its spectrum contains eight scalar Higgs doublets, which are all accompanied by scalar color triplets.
7 Smooth SM-like models from the standard embedding
As observed in [14] and [32] the standard embedding for the SO(16)×SO(16) string on any CalabiYau X yields an SO(10) GUT-like theory. In particular, we have a net number of h 21 − h 11 = 1 2 χ(X) fermionic 16-plet generations, where χ(X) is the Euler number of the underlying Calabi-Yau manifold X. Via a Wilson line associated to a freely acting symmetry Γ there is the possibility to break SO (10) down to the SM gauge group with an additional U(1) B-L factor (since a breaking with such discrete Abelian symmetries is always rank-preserving [76] ) and reduce the number of chiral generations to three. For this reason we have to look for a smooth manifold X that satisfies (2) is suggested with the colored roots being projected out. All other possible breaking patterns can be obtained by automorphisms of the extended diagram.
for one of its given freely acting symmetries Γ. In order to break SO(10) down to G obs =SU (3)×SU (2)×U (1) Y ×U(1) B-L , we need at least an freely acting Abelian Γ = Z N symmetry with N ≥ 4. To see this, we have depicted the extended Dynkin diagram of the GUT group SO(10) in Figure 3 . Here −α 0 = θ denotes the highest root θ = a i α i . The Coxeter labels (or marks) a i for the five simple roots of SO (10) are given inside the nodes; for α 0 we define a 0 = 1. To determine the unbroken SO(10) simple roots, when modding out an Z N Wilson line, we use Dynkin's procedure, as explained in [77] to find the unbroken roots:
where 0 ≤ s i ≤ N for all i = 0, . . . , 5 . If s i = 0 the corresponding simple root (and any Weyl reflected root) is broken. Using equation (73) we readily compute the lowest order N we need to trigger symmetry breaking down to the gauge group G SM and find the bound N ≥ 4 . Going through the list of classified CICYs and their freely acting symmetries [57, 59] , we find two CICYs with property (72): CICY 7246 and CICY 7300. Both geometries have h 11 = 8, h 21 = 44 and can support a Z 12 Wilson line. If we allow for an additional "hidden" SU(2) symmetry, i.e. obtain the downstairs gauge group G obs ×SU(2) , then following (73) for the extended Dynkin diagram in Figure 3 we can relax the condition for the order of the Wilson line to N ≥ 3 . In the aforementioned list [57, 59] there is only one additional geometry satisfying (72) with N = 3: CICY 536 .
Heterotic five-branes in the SO(16)×SO(16) theory
One may consider the heterotic string in a background of NS5-branes. The properties of NS5-branes strongly depends on the heterotic theory in question: For the SO(32) and E 8 ×E 8 their properties have been discussed in the literature, see e.g. [72] , while for the SO(16)×SO(16) they are unknown as far as we know.
To establish the properties of NS5-branes within the non-supersymmetric heterotic string, we will make use of the observation that the perturbative spectrum of the theory can be obtained by non-supersymmetric projections of the SO(32) and E 8 ×E 8 string. As noted above, the full massless spectrum of the SO(16)×SO(16) involves both untwisted and twisted states, if one starts either from the SO(32) or E 8 ×E 8 theory. However, twisted states in one construction are untwisted in the other and vice versa. Hence, by combining the simple orbifold projections within both theories, one has access to the full massless spectrum. Because of this we hope that we can assume the same in the presence of NS5-branes: Hence we will assume that all NS5-brane states in the SO(16)×SO (16) theory can be understood from the supersymmetry-breaking twist acting on the NS5-branes in the SO (32) and E 8 ×E 8 theories. Their anomaly contributions were discussed in detail in [72] ; to determine the SO(16)×SO(16) NS5-branes we take inspiration from that discussion. The action of this twist is not completely determined by its action on the perturbative parts of these theories. However, as we will see, anomaly cancellation essentially fixes a unique choice.
Perturbative anomaly contributions
To explain this in detail, we consider a compactification of the SO (16) 
where the reductions of X 4 and X 8 read
and
The first two contributions in (74) are automatically cancelled by the reduction of the perturbative Green-Schwarz mechanism (5); therefore we will not consider those contributions further here. For the third and final contribution this is not the case, since the integrated Bianchi identity, the integral over X 0,4 , defines the five-brane charge
We see that for N = 0 the perturbative part of the SO (16)×SO (16) suffers from irreducible anomalies of SO (16) or appropriate subgroups thereof, but not from an irreducible gravitational anomaly:
(Here we only give the anomaly contributions that are not cancelled by the reduction of the tendimensional Green-Schwarz mechanism.) This means that the NS5-branes in the SO(16)×SO (16) theory have to cancel these irreducible gauge anomalies, but their irreducible gravitational and nonperturbative gauge anomalies all have to vanish independently.
SO(32) NS5-branes
Sp(2 N ) 6D Bi-fundamental Anti-symmetric vector multiplet half-hypermultiplets hypermultiplets
gauge fields scalars scalars
half-hyperinos hyperinos 
SO(32) NS5-brane anomaly contributions
Next, we briefly discuss the spectra on N coinciding NS5-branes in the SO(32) theory, cf. Table 5 . To figure out how the non-supersymmetric twist acts on the NS5-brane spectrum, we first recall that the action on the SO(32) gauge fields can be represented as
We extend the non-supersymmetric twist on the SO(32) NS5-brane fields
such that N + N = N . The choice of the supersymmetry-breaking twist on the NS5-brane states is a priori not unique even up to similarity transformations. In particular, there may be an additional minus sign in the transformation of the anti-symmetric hypermultiplet C. However, as we are then not able to cancel the irreducible Sp(2 N ) and Sp(2 N ) anomalies, we disregard such possibilities. The bosonic and fermionic states that survive this supersymmetry-breaking twist (80) are given
Tensor multiplets Hypermultiplets
T s H s , s = 1, . . . ,ñ n anti-self-dual tensorsñ complex scalars n (tensorinos) +ñ (hyperinos) + in the last two rows of Table 5 . The fermionic part of the spectrum produces an anomaly
Here F 2 , F 2 denote the gauge field strengths of the Sp(2 N ), Sp(2 N ) groups and tr is the trace in the fundamental of Sp-groups. The overall sign of the anomaly contributions is fixed by the following consideration: In our convention the ten-dimensional chirality of the SO(32) theory is opposite to that of the E 8 ×E 8 theory. We require that the NS5-branes coming from the SO(32) theory preserve the supersymmetry realized in the compactification of the SO(32) theory. The anomaly polynomial contains irreducible anomalies of (various subgroups of) SO(16) ×SO(16) , Sp(2 N ) and Sp(2 N ) and irreducible gravitational anomalies. The irreducible Sp(2 N ) and Sp(2 N ) anomalies drop out and the irreducible anomalies of (subgroups of) SO(16) ×SO(16) cancel those due to the last term in (74) (inserting (76c)) provided that we choose
For this choice the irreducible gravitational anomaly remains. It is remarkable that the irreducible parts of SO(16)×SO(16) anomalies in (8) which are independent of N , N cancel among themselves.
brane anomaly contributions
We see that the non-supersymmetric projection of the SO(32) NS5-branes leads to an irreducible gravitational anomaly. To cancel this anomaly we can use the E 8 ×E 8 NS5-branes that support sixdimensional tensor multiplets T s and hypermultiplets H s , s = 1, . . . ,ñ. The tensor multiplets include anti-self-dual tensors. The scalars in the hypermultiplets parameterize the positions of the NS5-branes on the K3 [78] . As for the SO(32) NS5-branes, we have to decide how the tensor-and hypermultiplet components transform under the supersymmetry-breaking twist. We take:
with s = 1, . . . ,ñ and s = 1, . . . ,ñ , such thatñ +ñ =ñ. The surviving spectrum is given in the bottom part of 
The first contribution comes from the surviving anti-self-dual tensor fields and the second from the surviving hyperinos and tensorinos. Consequently, if we takẽ
we see that all irreducible gravitational anomalies are cancelled.
Factorization
The remaining reducible anomalies read
This expression is symmetric under the simultaneous exchange of F 2 2 ↔ F 2 2 and F 2 2 ↔ F 2 2 . Consequently, the anomaly canceling diagrams need to have the same symmetry.
The field strength of the anti-symmetric tensors B s 2 are denoted by H s 3 = dB s 2 +CS 3 -terms, such that
Here a,ã are constants to be determined below from anomaly factorization. The relevant part of the six-dimensional NS5-brane action including Green-Schwarz-like Chern-Simons interactions can be represented as 
8 =ñ 128 a (trF
These contributions respect the same permutation symmetries as we observed in (86). The factorñ in the second and third contribution arises because there areñ tensors B s 2 which mediate the anomaly cancellation. They cancel exactly when the coefficients are chosen as
Note that there are two more solutions obtained from inverting the signs of (a,ã, c) simultaneously which is due to the parameterization in (89c). All solutions haveñ = 2N , which means that, using (82) and (85), N = N =ñ =ñ , i.e. the number of the NS5-branes from SO(32) and E 8 ×E 8 match.
To summarize we find the rather surprising result that (90) has only one genuine solution which has N = N =ñ =ñ = 1 , and N = 1/2 ,
i.e. a single NS5-brane This result has been obtained under the following assumptions:
i) We can understand all NS5-brane properties by studying the untwisted sector of the supersymmetry-breaking twist of the supersymmetric E 8 ×E 8 and SO(32) theory combined.
ii) The SO(32) and E 8 ×E 8 NS5-branes preserve the same supersymmetry as present in the perturbative sector of SO (32) and E 8 ×E 8 theories, respectively.
iii) We have ignored the possibility of having states that stretch between the E 8 ×E 8 and SO(32)-type NS5-branes.
iv) We made a restrictive ansatz (88) for the generalized Green-Schwarz couplings on the NS5-branes.
It would be important to provide either further evidence for this result or to find potential problems and/or generalizations of our arguments. Moreover, we wonder whether we should interpret the fivebranes in the SO(16)×SO(16) string as one or two types of NS5-branes. Even more important is the question whether these five-branes could become an additional source for tachyons.
Appendix A Traces
A representation R = {|p } is characterized by a set of vectors |p corresponding to the weights p ∈ W R = {p}. We identify a representation module R with its weights system W R for notational convenience and write W R = R. Some representations and their weights of SU and SO-groups are indicated in Tables 7 and 8 , respectively. The dimensions of a representation R is denoted by |R|. The generators T A of a group G are labeled by A. We take the same Cartan generators, denoted by H I , in all three heterotic theories. Their eigenvalues are the components of the weights, H I |p = p I |p .
(A.1)
The remaining generators are denoted by E α where α are the roots of the group, i.e. the weights in the adjoint representation. The trace of an operator A G over a representation R is defined as
The subscript G indicates that one is performing the trace of an operator which is a function of objects that are functions of algebra elements associated to the group G. The character of an operator A G over a representation R is defined as ch R (A G ) = tr R e A G . since we have the branching 2N → N + N when we consider A † SU = A SU in the SU(N ) subalgebra of the SO(2N ) algebra. We often write traces of objects valued in a certain algebra as traced over another representation associated to a different algebra. In this case this should be understood as defining some useful notation, not literally as the trace written (as that would not necessarily make sense). For example, the l.h. We reserve the notation Tr to denote the trace over the full fermionic spectrum. For the supersymmetric E 8 ×E 8 and SO (32) theories, this is then the trace in the adjoint of the respective gauge group.
The quadratic Casimir operator of the algebra is given by 
) bundles
The authors of some of the literature on line bundles on Calabi-Yau manifolds [53, 54, 79] use a different parameterization for the embedding of the structure group of the vector bundle into the primordial gauge group. We briefly review this parameterization in order to facilitate contact with our description. A vector bundle V with structure group S(U(1) n+1 ) can be obtained as a direct sum of line bundles
O(k 
